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HYPERSONIC PROFILE O F  MINIMUM DRAG, HAVING AN ASSIGNED 
BENDING STRENGTH 
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Y e .  V. Bulygina,  Yu. N. Yudintsev 

For t h i n  p r o f i l e s ,  ope ra t ing  a t  a 
s m a l l  angle  of a t t a c k ,  w e  may assume: 

The au thors  t r y  t o  f i n d  the  most advantageous form 
of a hypersonic  p r o f i l e  which, f o r  a given drag to rque ,  
has  minimum drag. The problem i s  so lved  by a v a r i a t i o n a l  
method. 

In o rde r  t o  enhance t h e  aerodynamic q u a l i t y  of t h e  suppor t ing  s u r f a c e s  /119* 
of hypersonic  a i r c r a f t s ,  i t  is  necessary t o  diminish t h e  th ickness  of t h e  pro- 
f i l e ,  which i n  t u r n  l eads  t o  a decrease  i n  t h e  s t r e n g t h  of t h e  a i r f o i l .  
f avorab le  d i s t r i b u t i o n  of masses, one can i n c r e a s e  t h e  drag torque,  and there-  
by raise t h e  bending s t r e n g t h .  

By a 

I n  t h e  p r e s e n t  work, w e  have t r i e d  t o  f i n d  t h e  most advantageous form of 
a hypersonic  p r o f i l e  which, f o r  a given drag torque ,  has  minimum drag. 
problem i s  so lved  by a v a r i a t i o n a l  method. The p res su re  c o e f f i c i e n t  i s  de te r -  
mined from Newton's formula (Ref. 1) 

The 

- 
p = 2 sin2 v, (1) 

where v i s  t h e  angle  between t h e  d i r e c t i o n  of t h e  flow and t h e  tangent  t o  t h e  
s u r f a c e  of t h e  a i r c r a f t .  

The p r e s s u r e  c o e f f i c i e n t  i n  t h i s  case has  t h e  form: 

If a > 80, then t h e  upper s u r f a c e  w i l l  l i e  i n  t h e  aerodynamic shadow, and t h e  
p r e s s u r e  c o e f f i c i e n t  at i t  w i l l  equa l  zero Gu = 0). 

* 
** T r a n s l a t o r ' s  no te :  

Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  fo re ign  t e x t .  

Y -  
The o r i g i n a l  Russian g ives  7, b u t  i t  should c l e a r l y  be  - 
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The l i f t  and drag c o e f f i c i e n t s  are determined by t h e  form of t h e  lower /120 
s u r f  ace : 

c Y = 2 J ( a + c y )  - - I 2  d x , .  - 1 
C , = 2 l ( a + c y )  - -f 3 dz.  

0 

0 

Bending s t r e n g t h  torque  w i l l  b e  writ ten as 

where I is  t h e  moment of i n e r t i a  r e f e r r e d  t o  t h e  n e u t r a l  axis, 
r i s  t h e  d i s t a n c e  between t h e  n e u t r a l  axis and t h e  most remote p o i n t  of 

t h e  s u r f a c e  of t h e  p r o f i l e .  

The l o c a t i o n  of t h e  n e u t r a l  axis depends, i n  gene ra l ,  on t h e  form of t h e  
p r o f i l e .  I f  t h e  p r o f i l e  is  symmetrical ,  then  t h e  n e u t r a l  a x i s  co inc ides  wi th  
t h e  axis of symmetry x. 
e r t i a  w i l l  be  

I n  t h i s  case, f o r  a s o l i d  p r o f i l e  t h e  moment of in- 

f o r  a non-solid p r o f i l e  w i th  a small w a l l  th ickness  6 i t  w i l l  be  

I 

. I  IT = 28;2b3 [YdTX 
0 

Correspondingly,  t h e  bending s t r e n g t h  torque i s  : , - 
\ &a - - Ws = - s y 3 d x  = A? J P d ;  - ' f o r  t h e  s o l i d  p r o f i l e ,  (5) 

( 5 4  

6 O  0 I - -  
WT = 482b2 sy2dx = A , c l T d ;  - t h e  hollow p r o f i l e .  

0 0 

The de termina t ion  of a p r o f i l e  of minimum drag f o r  a given l i f t i n g  power and 
bending s t r e n g t h  torque  amounts t o  f ind ing  an extremum at  which t h e  func t iona l  
( 3 )  a t t a i n s  i t s  minimum f o r  pre-assigned va lues  of t h e  f u n c t i o n a l s  ( 2 ) ,  (5a) o r  
(5 ) .  
t i o n a l  having F as t h e  in tegrand:  

To s o l v e  t h i s  problem by Lagrange's method, w e  s h a l l  cons t ruc t  a func- 

F =  ( a  + c y  --/ 3 + A,(a + Cj')2 + ~ ~ y " .  ( 6 j  

Here n = 3 f o r  t h e  s o l i d  p r o f i l e ,  and n = 2 f o r  t h e  thin-walled p r o f i l e .  
E u l e r ' s  equat ion  w i l l  have t h e  form: 

S ince  i t  does n o t  conta in  an e x p l i c i t l y  independent v a r i a b l e ,  then  -- i n t r o -  
ducing t h e  new func t ion  

'p =U', (8) 

w e  o b t a i n  a f i r s t - o r d e r  equat ion:  
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I f  A1 = 0, then (7)  has  t h e  s o l u t i o n  7' = cons t .  

i n  (9) are separa ted :  

For A f 0 ,  t h e  v a r i a b l e s  B 

Here are new a r b i t r a r y  c o e f f i c i e n t s .  I f  one cons iders  I$ as a parameter ,  

then  w e  s h a l l  ob ta in  the  independence of Y on t h e  parameter by making use  of 
t h e  r e l a t i o n s  : 

1, 0 

- 
-' dy 

d X = -  
' p '  I 

We s u b s t i t u t e  (12)  i n  t h e  express ions  (21, (31, (5) o r  (5a). Taking @ as an 
independent v a r i a b l e  w e  f ind :  

The l i m i t s  of i n t e g r a t i o n  @ 

s i n c e  I$o and I$2 r e p l a c e  c1 and c2: 

and @2 are ca l cu la t ed  us ing  t h e  i n i t i a l  condi t ions  
0 

(1) I$ = 9, f o r  Y = 0 ,  7 = 0 ,  

(2) I$ = @2 f o r  F = 1, y = 1. 

From t h e  f i r s t  cond i t ion  w e  have: 

The pa rame t r i c  equat ion  of t h e  p r o f i l e  w i l l  be :  

The i n t e g r a l s  
n -  3 and a =  

drag  having  a 

(13)-(16) can be  evaluated i n  terms of elementary func t ions  f o r  
A o ,  i . e . ,  i f  w e  set ourse lves  a problem of a p r o f i l e  of minimum 

s o l i d  c ross -sec t ion  f o r  a given drag torque ,  l i f t i n g  power be ing  
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n o t  pre-assigned. 

I n  t h i s  case: 

The i n t e g r a l  (18) ,  de f in ing  z, is  a binomial d i f f e r e n t i a l .  
t i o n s  wi th  t h e  a i d  of t h e  s u b s t i t u t i o n  

Performing ca lcu la-  

w e  s h a l l  ob ta in  t h e  dependence of on the  parameter p, expressed i n  terms of 
elementary func t ions  

From (2) wiT1- t h e  a i d  of (19) we f i n d  

(17) ,  making use  of t h e  condi t ion  7 = 1 f o r  p = 

f o r  p2  = 0 w e  f i n d  t h a t  t h e  i n t e g r a l  i n  (18) is  equal  t o  - 2.rr - - 1.212, and, 

consequent ly ,  A= -0.825 and I$o = 1.212. 

termine t h e  corresponding x and I$o. 

C i s  c a l c u l a t e d  f o r  a s o l i d  p r o f i l e :  

( s e t t i n g  p = p2 f o r  Y = 1 ) .  Then from 

w e  f i n d  I$o. For example, p2  

3 A  
Assigning o the r  va lues  t o  p w e  de- 2' 

With t h e  h e l p  of t h e  same s u b s t i t u t i o n  as i n  (18), t h e  i n t e g r a l  determining 

X 
CZ 

3 I f  p2  = 0 ,  then  Cx = 1 . 1 9 . 2 ~  , i .e . ,  the  drag of t h e  p r o f i l e  ob ta ined  is  19% 

h i g h e r  than  t h e  drag of a wedge wi th  the  same r e l a t i v e  th i ckness  7. 

L e t  u s  f i n d  t h e  bending s t r e n g t h  torque of t he  optimum p r o f i l e  s u b s t i t u t i n g  
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-jr and Y expressed i n  terms of 9 i n  formula (5): 

For p2  = 0 w e  o b t a i n  W = Ai?*& s 3' 
same th i ckness ,  t h e  bending s t r e n g t h  torque w i l l  be  25% lower: 

For a wedge-shaped s o l i d  p r o f i l e  of t h e  1123 

- 1  Ww = Ace2 - . 
I 4 

To i n c r e a s e  t h e  s t r e n g t h ,  t h e  th ickness  of t h e  wedge-shaped p r o f i l e  should 

..- b e  l a r g e r :  

"=1/"- 7 Copt * 

The drag of a wedge wi th  t h e  same s t r e n g t h  is  
- 

C m  = 2 ~ &  = 1,153.2F:p, 
2 I 

h -  1.15 
1.19 

- -=  and i s  29% h ighe r  than t h a t  f o r  t h e  optimum p r o f i l e ,  s i n c e  

1.29. 
f o r  t h e  de te rmina t ion  of il and 9,: 

cx op t  
From (15) and (16) ,  s e t t i n g  9 = 0, o r  v = p 2 ,  w e  o b t a i n  t h e  cond i t ions  

3 - - 
A, 'Po" R y =  1, (23) 

Here 

Hence 

and 

J 
1 

The drag  and t h e  bending s t r e n g t h  torque can be  s i m i l a r l y  represented  
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where 
1 

--1 

1, = p,4 (1 - p3) dp, I 
1 I 

P. 1 

1 I 

S u b s t i t u t i n g  t h e s e  express ions  i n  the  condi t ions  of e q u a l i t y  of bending / 1 2 4  
s t r e n g t h  to rques ,  w e  o b t a i n  t h e  r e l a t i o n s  between t h e  th icknesses  of t h e  o p t i -  
mum p r o f i l e s  and t h e  wedge-shaped p r o f i l e s  : 

The r a t i o  of drags f o r  t hese  p r o f i l e s  i s  p ropor t iona l  t o  t h e  cube of t h e  
r a t i o  of th icknesses :  

The dependence of Rx, Iw, Ix, and +o f o r  va r ious  va lues  of l~ f o r  a s o l i d  2 
p r o f i l e  (n = 3) is  given i n  t h e  t a b l e .  A s  may b e  seen ,  a l l  t he  q u a n t i t i e s  
depend only  s l i g h t l y  on d2. 
can be c a l c u l a t e d  only approximately. 

For a thin-walled p r o f i l e  (n = Z), t h e s e  i n t e g r a l s  

The i n t e g r a l s  which determine P and C are improper i n t e g r a l s ,  and f o r  
X 

$I = $Io ( o r  p = 1) t h e  in t eg rand  has  a d i scon t inu i ty .  This  s i n g u l a r i t y  pre- 

v e n t s  us from c a l c u l a t i n g  t h e  i n t e g r a l s  by t h e  usua l  methods of numerical in- 
t e g r a t i o n  f o r  t h e  e n t i r e  i n t e r v a l  at once. We s h a l l  d i v i d e  the  i n t e r v a l  of 
i n t e g r a t i o n  and t h e  corresponding i n t e g r a l  i n t o  two p a r t s .  The f i r s t  p a r t  -- 
w i t h  a d i s c o n t i n u i t y ,  t h e  second -- with  a continouous in tegrand:  

1-E 

1 = J f(x) 'p (4 dx + p ( x )  'p ( x )  dx. 
1 1 --t 

The second term i s  c a l c u l a t e d  by the  usual  methods of numerical  i n t e g r a t i o n .  

In  t h e  neighborhood of t h e  po in t  of s i n g u l a r i t y ,  w e  can apply t h e  mean- 
v a l u e  theorem 

1-e 1-e 

J f ( 4  'p (4 dx = 'f (E) J f(x) dx, 
1 1 

where 6 denotes  some in te rmedia te  p o i n t  i n  t h e  i n t e r v a l  11, 1 - E ] .  
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I f  w e  t ake  E = 0.1 and 5 = 0.95 as the i n n e r  p o i n t  of t h e  i n t e r v a l ,  w e  then  
have 

n = 3  

I 
P!! i 0 i 0,05 i o,1o 1 -  0,2o 1 0,30 

Rx' I 1,212 1 1,180 I 1,176 1 1,122. 1 1,074 

The 

t h e  
can 

I 

same i n t e g r a l  f o r  C w i l l  be  
0.9 X 

;lq:p8 10,253. 
1 I 

For t h e  case of a thin-walled p r o f i l e  (n = 21, t h e  r a t i o  of t h e  drags f o r  
wedge-shaped p r o f i l e  and t h e  optimum p r o f i l e  w i th  t h e  same bending s t r e n g t h  
be  w r i t t e n  as: 

Considering t h a t  f o r  p 2  = 0 ,  R = 1, R = 0.838, I = 300.365 and Ix = Y X W 

3'0.408, w e  o b t a i n  c, 
wi th  equa l  bending s t r e n g t h  over  t h a t  f o r  t h e  optimum p r o f i l e  i s  l a r g e r  than  2. 

= 2.27 -- i .e. ,  t h e  ga in  i n  t h e  drag f o r  t h e  wedge 
cx op t  

A change i n  t h e  drag f o r  o t h e r  1.1 i s  s m a l l ,  and can b e  es t imated  on t h e  /125 2 
b a s i s  of formula (33) by changing a l l  the i n t e g r a l s :  

S ince ,  by v i r t u e  of (25) ,  (26), (29) and (30) ,  a l l  t h e  d e r i v a t i h e s  are 

then  A I  and AR, t h e  increments of a l l  t h e  i n t e g r a l s ,  w i l l  be v a r i a b l e s  of sec- 
ond o rde r  w i th  r e spec t  t o  A 

1.12' 
TABLE 
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